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Abstract
This paper describes an advanced bottom-up approach for modelling the energy-environment
sector to study greenhouse gas abatement.   Three new features are described which give
significant new capabilities to this class of models.  These are: endogenization of end-use
demands which allows computation of partial equilibria in energy markets; modelling future
uncertainties using multi-stage stochastic programming; and, combining several bottom-up
models as a multi-region model to explore issues of co-operation and burden sharing.  Each of
these new features is illustrated by results taken from large scale Extended MARKAL models
of Québec and Ontario.  The focus of the paper is on the nature of issues which can be
addressed by this methodology, rather than on specific conclusions drawn from the discussed
examples.  We believe that a very promising  avenue of research lies in exploring the role of
multiple advanced bottom-up models in the integrated assessment of climate change.

Keywords: Climate Change, GHG Abatement, Bottom-up Energy models, Supply-Demand
Equilibrium, Stochastic Programming, Multi-region Models.

1. Introduction
The Global Warming of the terrestrial atmosphere induced by an increase in Greenhouse Gas
(GHG) concentration has moved from speculation to fact in the recent years. Hundreds of
researchers, not only in atmospheric and earth sciences, ecology, biology, but also in
economics, ethics, and other social sciences, are studying the origin, development, and
impacts, present and future, of Climate Change on human and environmental systems.  A
recent, major set of studies by the Intergovernmental Panel on Climate Change (IPCC, 1995 a,
b, c) summarizes research in these areas over the last 10 years.  While scientists in each of the
concerned disciplines continue to generate new knowledge of each subsystem, it has been
recognized from the beginning that an understanding of the inter-relationships between the
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three major phenomena is crucial for the purpose of policy making regarding Climate Change.
These are: (i) the emission of GHG into the atmosphere, (ii) the modification of global and
local climates resulting from increased GHG concentration, and (iii) the impact of climate
change on the Earth, and more particularly on flora, fauna, and the human ecosystem. These
three phenomena are strongly inter-related, and the relationships work both ways: for instance,
whereas the reduction of GHG emissions impacts on climate, and ultimately on economic and
social systems, the reverse is also true, since a change in socio-economic habits and structures
may have a major influence on the emissions of GHG.  What makes the study of these
interactions difficult, is the inherent complexity of the physical phenomena at work, as well as
the many uncertainties still present in the various links, the great variability of human and
ecological impacts across the planet, and the persistence of such impacts over long periods of
time.

In a nutshell, the basic problem facing policy makers at the global level is to decide upon the
levels and timing of the possible emission abatement, climate adaptation and geo-engineering
responses to climate change, while taking into account the diversity of impacts and interests in
different countries and regions of the world, as well as the presence of uncertainties. In this
paper, we focus on the abatement aspects, which are strongly related to an understanding of
the energy system of each country.

Policy makers at the local (i.e. country, state, or province) level have concerns which are very
specific, and which include the precise set of measures (techno-economic as well as political)
that would achieve some desired emission target at minimum social cost. The setting of
national emission targets itself is an important task, and represents the single most crucial link
between local and global levels of GHG abatement analysis. Indeed, it is highly desirable that
local emission targets be set so as to guarantee that global emissions are controlled efficiently,
i.e. at minimum overall societal cost.

In this research, we wish to report on methodological approaches which can potentially
improve the quality of analyses of the GHG emission subsystem at the local and regional
levels, while taking into account the global nature of the problem. This initial principle may be
called: local planning within global thinking. It is clear that no single model can, for the time
being, be fully global (i.e. represent all major world regions), and at the same time fully local
(i.e. provide sufficiently detailed representation of each and every national system for detailed
decision making). The MESSAGE regionalized model (Messner and Strubegger, 1995),
MERGE (Manne et al., 1995), GCAM (Edmonds et al., 1993) and ICAM-2 (Dowlatabadi et
al., 1994)  are examples of models which take the global viewpoint while keeping some
degree of detail at the regional level.  However, each is a compromise that approaches such an
ideal, but at the expense of some loss of detail and realism for individual country
representation. Detailed local models thus have a role to play.

Here, we shall describe a way to use local/regional detailed energy-environment models to
perform long-term analyses of GHG abatement that is compatible with overall climate change
objectives which would be established at the World level. The analyses have the capability to
incorporate the inherent uncertainties, as well as inter-regional linkages. Such modelling
makes it possible to generate and explore very specific and robust options for controlling the
energy sector carbon emission. Moreover, as the model is for a nation or a province, the results
are immediately relevant for the policy makers, thus insuring the interest and support of the
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various stakeholders at the local level (governments, industries, and non governmental
organizations).

We describe the methodologies in the next section.  In section 3, we illustrate the approach via
analysis of several results from the recently modified MARKAL model for two Canadian
provinces. Section 4 concludes the article.

2. GHG abatement analysis with advanced bottom-up energy
models

2.1 Detailed Energy sector modelling
Energy sector models have been around for more than two decades, and have undergone major
changes over that period. The first models deserving the name (i.e. integrating all sub-sectors,
including end-use of energy) are the EFOM (Van der Voort et al., 1985), MESSAGE, and
MARKAL (Fishbone et al., 1981, 1983) families of models, all developed in the late 1970’s
and early 1980’s. The methodology (some would say philosophy) used in all these models is
Optimization, which allows the convenient computation of a partial equilibrium (P.E.) on
energy markets. All such models are multi-period, and accept limits and/or taxes on the
emissions of GHG (and other gases) by the energy system. Of course, the extent of the partial
equilibrium depends heavily of the quality of the database defining the particular instance of
each generic family. The exogenous inputs into these models, beside emission targets or taxes,
are essentially an economic scenario which specifies a set of demands at the sub-sector level,
as well as a price scenario for imported energy forms (all internal energy forms are
endogenously determined). Typically, a model instance describes in much detail the individual
technologies (present and future) that constitute the energy system, and includes explicit
variables representing the investment and operations decisions on each technology over the
many periods of the model.  This feature has earned them the name “bottom-up” in the
economic literature (Hourcade, 1993; Grubb, 1993; Loulou et al., 1997), because the system is
described at the “grass-roots” level, as opposed to the more aggregated representations in the
so-called “top-down” models. Alternate names are: process models, activity analysis models,
and techno-economic models. We shall use these names more or less interchangeably.

With the present enhanced performance of modern computers, the tendency has been to
include a large amount of detail in a national (or state, provincial, etc.) process model. We
view this as a good thing, as it increases confidence in the model by energy system engineers
and analysts who are used to thinking at a detailed technological level. The counterpart of this
is of course increased data collection and maintenance efforts.

2.2 Prices, marginal costs, and marginal system values
A useful, albeit incomplete way to think of a process model is as an “engine” that, given a set
of inputs (demands, emission caps, etc.) produces (a) the minimum total system’s discounted
cost for satisfying the inputs, and, more importantly (b) a set of marginal costs for satisfying
the demands and the emission caps. Such marginal costs are easily obtained via the dual
solution of the Linear Program. For example, the model computes the marginal cost of each
demand category (e.g. marginal cost of one ton of aluminium, or of one kilometre of auto
travel). This acts as the implicit price (or shadow price) of the commodity that this demand
represents. In the case of intermediate commodities (such as the energy carriers), there is no
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direct explicit demand for them in an integrated process model; rather, there is a derived
demand for each energy form. For such commodities, the model computes a marginal system
value, rather than a marginal cost, and that value also plays the role of  implicit price of the
commodity, within the model (Berger et al., 1994). Not only are such prices useful in their
own right, they also play an important role in the validation of the model’s instance (it is part
of the modelling folklore that the dual solution’s values are much more sensitive to data
errors, and thus much more useful to validate a model’s database than the primal solution).

We may now give more substance to the type of partial equilibrium (P.E.) that is computed by
a process model: its exogenous demands are specified by scenario, its intermediate demands
are derived endogenously, and all prices are computed endogenously as the marginal system’s
values, i.e. the shadow prices attached to the commodities.

Before discussing the advanced features which deal with uncertainty and multiple regions, we
wish to make three important remarks about the general bottom-up approach:

1. When the model builder elects to eliminate all taxes and subsidies from the model, the
partial equilibrium qualifies as a competitive one. Conversely, if taxes and/or subsidies, as
well as some regulatory constraints are modelled, the equilibrium becomes a regulated one.
There is considerable flexibility in the type and amount of regulation that can be modelled
in this way. The modeller’s choices are then reflected in the shadow prices computed,
which then become regulated marginal costs (or values), rather than purely competitive
ones.

 
2. The above discussion seems to suggest that demands for goods and services are always

exogenous in process models.  Although this was the case for a long time, it is no longer so,
at least not necessarily so. Some recent model developments have introduced own price
elasticities in the models (Loulou and Lavigne, 1996), so that the initially specified demand
scenario will be adjusted endogenously by the model, in response to the implicit demand
prices. This feature confers added scope to the partial equilibrium that is computed†.

 
3. Another important extension of process models goes further, by including macro-economic

variables and equations, thus transforming the model into a General Equilibrium (G.E.)
one, where the objective is no longer the minimization of energy cost, but rather the
maximization of a national utility function, of which energy cost is only a portion.
MARKAL-MACRO (Manne and Wene, 1992) is the premier representative of such an
extension. In section 3.1, we present a more focused discussion of the relative merits of a
P.E. model such as MARKAL, and its G.E. counterpart, MARKAL-MACRO, by means of
examining their respective results.

2.3 Modelling of uncertainties
The long term analysis of an energy system is fraught with uncertainties, be it the specification
of demands and prices, or the availability and characteristics of future technologies, or the

                                                
† With endogenous economic demands, our partial equilibrium approaches a general equilibrium, the only remaining difference being that

macro economic variables such as income, labor or total investments are not endogenously affected by energy system decisions. The gap
between a  P.E. with elastic demands and a G.E., is much narrower than was the case before the introduction of elastic demands, as
discussed in Loulou and Lavigne (1996).
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targets, in the presence of emission and of energy trading. We shall illustrate this capability in
section 3.4. The multi-country capability is technically only limited by the speed and memory
size of the computer platform. However, in practice, such a tight integration of  several local
models is limited by the enormous demands it imposes on data collection, maintenance, and
acceptance by stakeholders. Our own view of such hard-linked multi-region models is that
they should be confined to a set of geopolitical entities (for example, provinces of a country)
for which it makes practical sense to centralize decision making, and hence model building
and maintenance. For the composition of many detailed individual country models, more
flexible (soft) links may be used.

3. GHG Analyses for two Canadian Provinces with the Extended
MARKAL Modelling System
MARKAL is a flexible dynamic linear programming model that can be used to represent the
energy system of a community, a region, or a country, over a medium to long time horizon,
usually nine periods of five years each. This model is supported by a user-friendly interface,
MUSS (MARKAL Users Support System, Goldstein, 1994), which manages the input data and
the model output. There exists a standard version of MARKAL, and other versions resulting
from modifications and additions by individual countries. The Canadian MARKAL model
(Berger et al. 1992), also named Extended MARKAL, is significantly different from the
standard as well as from other versions of MARKAL. It was developed in several stages since
1984, each stage being motivated by specific applications that could not easily be
implemented with the previous model versions. Although some of the features of Extended
MARKAL may have been independently developed by other modellers as well, no single
other model contains as many new capabilities.

As compared to the standard version of MARKAL, following are the additional features and
capabilities of Extended MARKAL:

• the introduction of material flows, alongside energy flows
• the regionalization of electricity and district heating grids
• a better description of seasonal and diurnal demand of electricity by end-use technologies

(particularly useful for the modelling of dual energy heating systems with electricity as one
of the inputs)

• the additional capabilities for detailed modelling of flexible oil refineries
• the annual and seasonal management of reservoirs for hydroelectric power plants
• the availability of generalized ADRATIO tables (allowing the user to define more general

relations, not standard in the model, when they are needed. This capability is particularly
useful for the modelling of the various life extension and retrofitting options of a given
technology)

• the introduction of sunk and released flows of materials and energy. Material flows are
considered to be sunk in a technology when it is installed. For instance, huge quantities of
steel and aluminium are present in an industrial facility or in all the cars of a given region.
These materials are not available for use during the lifetime of the technology but are
released at the end of its lifetime. They are then available for recycling or re-use. The same
may be true for some energy flows, as for instance the uranium core of a nuclear reactor.
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Besides these features, there are three major extensions that go a long way in refining a
bottom-up analysis of the energy-environment  system. All three new features are available
simultaneously or separately in a single model shell, which we call Extended MARKAL. The
extensions are described in the following four sub-sections.

3.1 Endogenizing the demands ‡

In the Extended MARKAL model, the energy end-use demands are no longer entirely fixed by
scenario. They are elastic to their own prices (the prices themselves are endogenously
computed by the model as part of the equilibrium), and will self adjust if some scenario
conditions affect the prices significantly. The user specifies demand functions of arbitrary
form, but usually chosen to be constant elasticity functions in our implementation. A Base
Case scenario is used to calibrate the demand functions. The elasticities may be different for
different demand categories and for different time periods. Furthermore, a demand category
may have asymmetric elasticities for positive and negative variations around the base case
demand.

The computational approach is based on the equivalence of the equilibrium and of a certain
mathematical program (Samuelson, 1952; Takayama and Judge, 1971), which may be stated
as follows: A supply/demand equilibrium is reached when the sum of producers and
consumers surpluses is maximized. This is graphically illustrated in Figure 1, where the
maximand is the area between the two curves, and its maximization leads to the intersection of
the curves, i.e. the sought equilibrium.  As a consequence the model’s objective function now
comprises two terms: the energy/technology costs, and the loss of welfare due to demand
reduction. Mathematical details of the formulation are given in Appendix I. The non-linear
inverse demand functions have been approximated by staircase functions in order to linearize
the objective function. The user may choose the precision of the staircase approximation as
well as the allowed range of demand variation. Tosato (1980) had first proposed such an
approach, with minor variations.

This formulation has been implemented in Extended MARKAL by defining additional
variables in the code, and thus making the elastic demands an integral, user friendly part of the
model. However, it is also possible for a user of other MARKAL versions to implement this
model by using dummy technologies (Loulou and Lavigne, 1996).

One application to the Québec energy system allows a maximum demand reduction of 20% (5
steps of 4% each), and a maximum demand increase of 15% (3 steps of 5% each). The
elasticities usually start with a low value of 0 to 0.1 in the first period, and may reach -0.15 or
-0.30 at later periods. These values were derived from earlier estimations performed by
Bernard and Genest-Laplante  (1995), and adjusted to our situation with the help of expert
judgement.

We provide below some highlights of results obtained from three scenarios: base case, severe
carbon tax profile without elastic demands, and the same tax with elastic demands. The tax
trajectory (Edmonds et al. 1994) starts at $8 per tonne CO2 in 1995 and reaches $61 per tonne

                                                
‡ Authors acknowledge the contribution of Denis Lavigne from GERAD, in modelling elastic demands.
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2000
2005

2010
2015

2020
2025

2030
2035

O
th

e
r C

o
m

m
e

rcia
l &

 In
stitu

tio
n

a
l20.0

20.0
20.0

20.0
20.0

20.0
20.0

20.0
20.0

O
th

e
r C

o
m

m
e

rcia
l &

 In
stitu

tio
n

a
l

E
L

C
4.0

8.0
8.0

8.0
12.0

16.0
16.0

16.0
8.0

A
ir T

ra
n

sp
o

rt
0.0

4.0
8.0

8.0
8.0

12.0
16.0

12.0
8.0

N
e
w

 C
o

m
m

e
rcia

l H
e
a

t
0.2

4.0
4.0

8.0
8.0

8.0
12.0

12.0
8.0

N
e

w
 In

stitu
tio

n
a

l H
e

a
t

0.0
0.0

4.0
8.0

8.0
8.0

8.0
8.0

8.0
O

th
e

r In
d

u
strie

s
0.0

4.0
4.0

8.0
8.0

8.0
5.7

8.0
4.0

R
a

il T
ra

n
sp

o
rt

0.0
4.0

0.0
0.0

0.0
12.0

16.0
4.0

0.0
C

e
m

e
n

t
0.0

0.0
0.9

4.0
4.0

4.0
4.0

4.0
4.0

R
e
sid

e
n

tia
l W

a
te

r H
e
a

t
0.0

0.0
0.0

2.3
4.0

4.4
5.6

4.0
4.2

N
e

w
 A

p
a

rtm
e

n
ts 1

0
+

0.0
0.0

4.0
0.0

0.0
4.0

4.0
4.0

4.0
N

e
w

 A
p

a
rtm

e
n

ts 2
-9

0.0
0.0

0.0
0.0

4.0
4.0

4.0
4.0

4.0
O

ld
 C

o
m

m
e

rcia
l H

e
a

t
0.1

4.0
8.0

0.0
4.0

4.0
0.0

0.0
0.0

R
e
sid

e
n

tia
l L

ig
h

tin
g

0.0
0.0

5.1
4.0

4.0
4.0

0.0
0.0

0.0
A

g
ricu

ltu
re

 a
n

d
 O

th
e

r R
e

sid
e

n
tia

l
0.0

0.0
0.0

0.0
4.0

4.0
4.0

4.0
0.0

C
o

m
m

e
rcia

l &
 In

stitu
tio

n
a

l S
p

a
ce

C
o

o
l

0.0
0.0

4.0
4.0

4.0
4.0

0.0
0.0

0.0

O
ld

 In
stitu

tio
n

a
l H

e
a

t
0.1

4.0
4.0

0.0
4.0

4.0
0.0

0.0
0.0

T
ita

n
iu

m
 S

la
g

0.0
0.0

0.0
4.0

4.0
4.0

4.0
0.0

0.0
Z

in
c

0.0
0.0

0.0
0.0

4.0
4.0

4.0
4.0

0.0
C

o
m

m
e

rcia
l L

ig
h

t In
ca

n
d

e
sce

n
t

0.0
0.0

4.0
0.0

4.0
4.0

0.0
0.0

0.0
E

xistin
g

 A
p

a
rtm

e
n

ts 1
0

+
0.0

0.0
0.2

4.0
4.0

4.0
0.0

0.0
0.0

E
xistin

g
 A

p
a

rtm
e

n
ts 2

-9
0.0

0.0
0.0

4.0
4.0

4.0
0.0

0.0
0.0

E
xistin

g
 H

o
u

se
s

0.0
0.0

4.0
3.7

4.0
0.0

0.0
0.0

0.0
M

isce
lla

n
e

o
u

s P
ro

d
u

cts
0.0

0.0
0.0

0.0
0.0

4.0
4.0

4.0
0.0

N
e
w

 H
o

u
se

s
0.0

0.0
4.0

0.0
4.0

4.0
0.0

0.0
0.0

S
ta

in
le

ss S
te

e
l

0.0
0.0

0.0
0.0

0.0
4.0

4.0
4.0

0.0
O

th
e
r D

ie
se

l E
n
g
in

e
s

0.0
0.0

0.0
0.0

0.0
4.0

4.0
0.0

0.0
A

lu
m

in
u

m
0.0

0.0
0.0

0.0
0.0

4.0
0.0

0.0
0.0

C
o

m
m

e
rcia

l L
ig

h
t F

lu
o

re
sce

n
t

0.0
0.0

0.0
0.0

4.0
0.0

0.0
0.0

0.0
In

ca
n

d
e

sce
n

t  L
ig

h
t

0.0
0.0

0.0
0.0

4.0
0.0

0.0
0.0

0.0
M

a
g

n
e

siu
m

0.0
0.0

0.0
0.0

0.0
4.0

0.0
0.0

0.0
S

te
e

l B
a

r &
 S

h
a

p
e

s
0.0

0.0
0.0

0.0
0.0

4.0
0.0

0.0
0.0

S
te

e
l S

h
e
e
t

0.0
0.0

0.0
0.0

0.0
4.0

0.0
0.0

0.0
S

te
e
l W

ire
 R

o
d

0.0
0.0

0.0
0.0

0.0
4.0

0.0
0.0

0.0

3.2 D
ealing 

w
ith 

uncertainty: 
S

tochastic 
E

xtended 
M

A
R

K
A

L 
(M

inim
izing

E
xpected C

ost)
E

xtended M
A

R
K

A
L m

ay optionally 
incorporate 

m
ultiple 

scenarios, 
each 

w
ith 

a 
specified

probability of occurrence (K
anudia and Loulou, 1997). It is based on the m

ulti-stage S
tochastic

P
rogram

m
ing paradigm

 (D
antzig, 1955; W

ets, 1989). A
 m

athem
atical form

ulation is given in
A

ppendix II, and its m
ain characteristics are sum

m
arized below

:

1. A
t each period, there are as m

any replications of the M
A

R
K

A
L variables as there are different

scenario realizations at that period. A
t those periods w

hen there are m
ultiple realizations (as
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in periods 4 to 9 in the exam
ple show

n in 
F

igure 3), each variable set should be considered as
a set of conditional variables, i.e. variables representing 

contingent actions w
hich w

ill be
taken only if the corresponding realization occurs.

 2.   E
ach set of variables corresponding to a possible scenario m

ust satisfy all constraints of
M

A
R

K
A

L. 
T

herefore, 
w

hatever 
scenario 

eventually 
realizes, 

the 
corresponding 

set 
of

variables (decisions) is fully feasible. T
he m

ulti-period constraints, such as capacity transfer,
cum

ulative em
ission and cum

ulative resource usage, are thus defined along each path of the
event graph. T

he single period constraints are repeated as m
any tim

es as there are different
realizations at that period, and that num

ber differs w
ith the period.

 3.   T
he objective function (expected cost) is equal to the w

eighted sum
 of the scenarios objective

functions (costs), each w
eighted by the scenario's probability of occurring.

3.2.1 
Im

plem
entation of  M

ultistage S
tochastic P

rogram
m

ing in E
xtended M

A
R

K
A

L
T

he form
ulation described in the last section has been im

plem
ented on the E

xtended M
A

R
K

A
L

m
odel. 

T
he 

existing 
user 

interface 
(M

U
S

S
) 

has 
been 

extended 
to 

capture 
the 

event 
tree

probabilities and the different levels of end-use dem
ands and G

H
G

 em
ission lim

its. E
xtensive

m
odifications have been m

ade in the M
A

R
K

A
L code (w

ritten in O
M

N
I) to generate the required

stochastic program
. A

 new
 report w

riter collects the appropriate variables and com
piles the

results for each scenario.

In the exam
ple show

n in 
F

igure 3, four alternate scenarios have been defined, resulting from
 the

com
binations of  high vs. Low

 m
itigation and high vs. Low

 dem
and. T

he four scenarios com
bine

to form
 a probabilistic com

posite scenario.

F
igure 3 show

s the four scenarios, w
ith the dates at w

hich each type of uncertainty is resolved,
and the event probabilities. T

he M
itigation uncertainty is assum

ed to last for three periods and to
be resolved at the beginning of period 4 (year 2008). T

he dem
and uncertainty is resolved at the

beginning of the fifth period (year 2013) represents a possible m
acroeconom

ic im
pact of carbon

m
itigation. T

hus, decisions for the first three periods are taken under m
itigation uncertainty and

those for the first four under dem
and uncertainty. In the H

igh M
itigation event, cum

ulative G
H

G
em

issions over 45 years m
ust not exceed 1.87 B

illion ton of C
O

2-equivalent, w
hereas in the

Low
 M

itigation event, they m
ust not exceed 2.78 B

illion ton. In com
parison, if em

issions
rem

ained constant from
 1993 to 2037, they w

ould am
ount to approxim

ately 3.1 B
illion tons.

T
herefore, the Low

 m
itigation cap represents a reduction of 10.5%

 and the H
igh m

itigation cap,
a reduction of nearly 40%

 relative to constant em
issions. T

he fact  that the caps are not set for
each period, but rather on the cum

ulative em
issions, allow

s the energy system
 to "m

ake up" in
later periods, if "m

istakes" are m
ade in the early ones. T

he probabilities of these tw
o events are

set at 0.5 each. A
s for the different levels of dem

ands, the H
igh dem

ands exceed the Low
 ones

by an average of 5 to 10%
. N

ote also that the probability of high dem
and is low

er (0.4) under
H

igh m
itigation than under Low

 m
itigation (0.5), translating the additional econom

ic burden of
large abatem

ent efforts into a slow
ed dow

n econom
ic grow

th. T
he com

bination of these tw
o

uncertain events leads to the four branches of the stochastic M
A

R
K

A
L scenario.

R
em

ark: A
 S

tochastic S
cenario leads to a 

single run of the (stochastic) m
odel, and therefore to a

single strategy. H
ow

ever, that strategy contains contingent actions, w
hich w

ill differ at periods
later than the resolution dates. W

e w
ill call it the H

edging S
trategy. In contrast, the classical

12

approach of using several alternate scenarios (each determ
inistic) leads to as m

any strategies as
there are scenarios (4 in our study). T

hese strategies w
ill differ betw

een them
selves 

even prior to
the resolution dates.

 A
s noted earlier, this is unrealistic, and constitutes a m

ajor reason for using
S

tochastic P
rogram

m
ing. W

e shall call these four strategies, the ‘P
erfect F

oresight” strategies.
T

he phrase 
“P

erfect 
F

oresight 
S

trategy” 
indicates 

that 
the 

policy 
m

aker 
“believes” 

that 
a

particular determ
inistic scenario w

ill realize, but in actual fact, any one of the four possible
futures m

ay yet happen; therefore, w
hen a particular scenario does realize, the policy m

aker m
ust

adjust 
his 

actions 
to 

respond 
correctly 

to 
the 

revealed 
state 

of 
nature, 

by 
re-solving 

an
optim

ization problem
 from

 the date of realization onw
ard.

T
he com

plete S
tochastic m

odel com
prised 28,940 constraints and 41,703 variables. It w

as solved
using the C

P
LE

X
 optim

izer on a P
C

 w
ith a 133 M

H
z P

entium
 processor. T

he com
putational

tim
e w

as about 2 hours, starting w
ithout previous basis.

T
he legend for strategies and scenarios is given in 

T
able 2 below

.

T
able 2 S

trategies and scenarios
S

T
R

A
T

E
G

Y
LE

G
E

N
D

D
E

S
C

R
IP

T
IO

N
P

E
R

F
E

C
T

P
F

-H
M

.H
D

P
erfect F

oresight S
trategy under 

H
igh M

itigation and H
igh

D
em

and S
cenario

F
O

R
E

S
IG

H
T

P
F

-H
M

.LD
P

erfect F
oresight S

trategy under H
igh M

itigation and Low
D

em
and S

cenario
P

F
-LM

.H
D

P
erfect F

oresight S
trategy under Low

 M
itigation and H

igh
D

em
and S

cenario
P

F
-LM

.LD
P

erfect F
oresight S

trategy under Low
 M

itigation and Low
D

em
and S

cenario
H

E
D

G
IN

G
H

S
-H

M
.H

D
H

edging Strategy if  H
igh M

itigation and H
igh D

em
and

S
cenario occurs

H
S

-H
M

.LD
H

edging S
trategy if H

igh M
itigation and Low

 D
em

and S
cenario

occurs
H

S
-LM

.H
D

H
edging S

trategy if Low
 M

itigation and H
igh D

em
and S

cenario
occurs

H
S

-LM
.LD

H
edging S

trategy if Low
 M

itigation and Low
 D

em
and S

cenario
occurs

3.2.2 
R

esults and A
nalysis

F
igure 

4 
show

s 
the 

annual 
G

H
G

 
em

ission 
trajectories 

under 
all 

strategy/scenario
com

binations. N
ote carefully that, in F

igure 4, a perfect foresight trajectory is the one that
w

ould prevail if the actual realization concurs w
ith the state of nature assum

ed by the decision
m

aker for that strategy. In all other cases, the trajectory w
ould have to be corrected after the

realization date, as discussed in the rem
ark of subsection 3.2.1.  E

vidently, the hedging
strategy takes an interm

ediate path till the uncertainty is resolved. S
ubsequently, the annual

G
H

G
 em

ission falls sharply in case severe m
itigation realizes.

N
ote that the annual em

issions w
ith the hedging strategy are low

er than those w
ith perfect

foresight strategy under high m
itigation in later periods. T

his offsets the higher em
issions in

the pre-resolution period in order to m
eet the constraint on cum

ulative G
H

G
 em

ission.
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T
he technology and fuel level response underlying this overall 

m
id

d
le

 o
f th

e
 ro

a
d position is

very interesting. D
ifferent energy form

s and technologies show
 a considerable variation in

their penetration trajectories. F
or instance, prior to resolution, the electricity supply capacity

follow
s an interm

ediate path, w
hereas natural gas and renew

able energy tend to follow
 the low

m
itigation trajectory, and oil supply approaches the high m

itigation trajectory. F
urther, a set of

specialized hedging technologies
 has been identified, w

hich appear to be m
ore com

petitive in the
hedging strategy than in any of the perfect  foresight ones. F

or exam
ple, as show

n in F
igure 5,

electricity consum
ption in the transport sector is initially higher in the hedging strategy than in

either perfect foresight ones. It is therefore evident that a stochastic program
m

ing treatm
ent of

m
ajor uncertainties can yield insights that are beyond the scope of an analysis based on m

ultiple
determ

inistic scenarios.

D
iscounted S

ystem
 C

osts
F

irst of all, the analysis indicates significant expected cost savings w
hen using a hedging

strategy, over any of the perfect foresight ones. T
his can be m

easured by evaluating the cost that
w

ould be incurred if a particular perfect foresight strategy w
ere adopted. E

ach choice of a perfect
foresight strategy at the beginning of the planning horizon is associated w

ith four possible
scenarios, only one of w

hich conform
s w

ith the decision m
aker’s initial belief. H

ence, for the
three other outcom

es, the actual cost incurred is higher than anticipated by the P
erfect F

oresight
strategy adopted. In this w

ay, w
e can define an 

expected loss for each of the perfect foresight
strategies, over that of the hedging strategy. 

T
able 3 exhibits the losses for each of the four P

F
strategies (of course, follow

ing the hedging strategy is precisely the w
ay to avoid these costs,

w
hich 

m
ay 

be 
seen 

as 
the 

penalties 
for 

follow
ing 

a 
P

F
 

strategy, 
w

ithout 
regard 

for 
the

probabilistic nature of future events).

R
em

ark:  T
he expected losses have been determ

ined through the follow
ing tw

o-step process, for
any P

F
 strategy:

S
tep 1 The m

odel w
as run w

ith the param
eters corresponding to the 

assum
ed perfect foresight

scenario. T
hen, appropriate bounds w

ere added to the m
odel in order to freeze all the decisions

taken prior to the resolution of uncertainty.
S

tep 2 The m
odel w

as run again three m
ore tim

es, w
ith the param

eters set to those of each of the
other three possible realizations, and w

ith the initial decisions frozen as said in step 1. T
he

difference betw
een the system

 cost derived from
 each second run and that derived from

 the
hedging strategy is the loss of the P

F
 strategy under a particular realization. T

he expected loss of
the P

F
 strategy is com

puted as the expectation of the four losses just com
puted (one such loss is

zero).

T
able 3  E

xpected V
alue of Loss under P

erfect F
oresight S

trategies (C
D

N
$ B

illion)
S

T
R

A
T

E
G

Y
P

F
-H

M
.H

D
P

F
-H

M
.LD

P
F

-LM
.H

D
P

F
-LM

.LD
E

V
 of LO

S
S

3.27
0.58

10.42
12.50

A
s can be seen from

 
T

able 3, the losses are rather high, especially if one of the low
 m

itigation
P

F
 strategies is adopted. T

he least expensive of the P
F

 strategies is H
igh M

itigation com
bined

w
ith low

 dem
and, w

ith an expected discounted loss of 580 m
illion dollars.
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A
nother useful concept w

hen planning under risk, is the E
xpected V

alue of P
erfect Inform

ation
(E

V
P

I, see R
aiffa, 1968),  i.e. the cost savings that w

ould accrue if all uncertainties w
ere

resolved right now
 rather than at som

e future date.  E
V

P
I is easily com

puted by form
ing the

difference betw
een the expected cost of the hedging strategy and the expected value of the four

P
F

 strategies. It is equal to $4.86 billion in our case, a fairly hefty am
ount. T

his is how
 m

uch it
w

ould be w
orth to us to know

 the truth about the future right now
 (and of course then act

accordingly by choosing the adequate perfect foresight strategy).

3.3  
Im

plem
entation 

of 
M

inim
ax 

R
egret 

strategy 
in 

S
tochastic 

E
xtended

M
A

R
K

A
L

§

O
ne difficulty w

ith classical S
tochastic P

rogram
m

ing is the correct assessm
ent of scenario

probabilities. T
he S

avage or M
inim

ax R
egret criterion (see e.g. R

aiffa, 1968) dispenses w
ith

probabilities, requiring only the identification of the states of nature. U
nder this criterion, the

decisions prior to resolution w
ould be taken such that the m

axim
um

 subsequent regret is
m

inim
ized, the regret being defined as the difference betw

een the system
 cost of the hedging

strategy and the cost of the corresponding perfect foresight strategy. A
ppendix 
III describes the

form
ulation of this problem

 as a Linear P
rogram

. T
o im

plem
ent this form

ulation in E
xtended

M
A

R
K

A
L, the objective function is re-arranged after an M

P
S

 file has been created for the
classical S

tochastic P
rogram

. T
his is done using a F

oxP
ro program

.

In T
able 4, w

e show
 the regrets resulting from

 7 strategies: the six P
F

 strategies, the M
inim

ax
R

egret strategy, and a S
tochastic P

rogram
m

ing strategy that assum
es that each of the five

scenarios has probability 1/5 of realizing (the so-called Laplace criterion, see R
aiffa, 1968).

W
e note of course that the M

inim
ax regret strategy yields the sm

allest w
orst case regret (1659

M
$), the next best being the Laplace equal likelihoods strategy w

ith 1978 M
$, a 19%

 increase.
F

ollow
ing any P

F
 strategy, even a m

iddle-of-the-road P
F

 strategy such as the 20%
 target, has a

m
uch higher regret of 2391 M

$ (a 44%
 increase over the M

inim
ax R

egret).

T
he M

inim
ax R

egret approach m
ay w

ell be an excellent ground for striking a com
prom

ise
w

hen policy m
akers w

ho are indeed able to reach consensus on the list of possible outcom
es,

but not on their probabilities of occurrence. F
urtherm

ore, it has been experim
entally verified

that the M
inim

ax regret strategy depends essentially on the extrem
al reduction targets (i.e. the

least and the highest targets) but not on the interm
ediate targets.

T
able 4:  T

he “R
egrets” (M

illion $)
S

C
E

N
A

R
IO

S
T

R
A

T
E

G
Y

C
o

n
sta

n
t

E
m

issio
n

1
0
%

 R
E

D
.2

0
%

 R
E

D
.3

0
%

 R
E

D
.4

0
%

 R
E

D
.

M
A

X
.

R
E

G
R

E
T

C
o

n
sta

n
t E

m
issio

n
0

185
835

2115
11976

11976
1
0
%

 R
E

D
.

199
0

241
1004

6912
6912

2
0
%

 R
E

D
.

1092
297

0
295

3315
3315

3
0
%

 R
E

D
.

2391
1245

313
0

935
2391

4
0
%

 R
E

D
.

5991
4422

2604
1212

0
5991

L
a

p
la

ce
1513

625
106

101
1978

1978
M

iniM
ax R

egret
1659

804
279

58
1521

1659

                                                
§ T

h
e a

u
th

ors w
ish

 to th
a

n
k D

ou
gla

s H
ill for th

e in
itia

l d
iscu

ssion
 th

a
t lea

d
 to th

e M
in

im
a

x R
egret form

u
la

tion
.
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3.4 M
ulti-R

egional analyses w
ith E

xtended M
A

R
K

A
L

A
 capability to com

bine individual M
A

R
K

A
L m

odels into a m
ulti-region m

odel has been
developed (K

anudia and Loulou, 1997). T
he m

ain characteristic are sum
m

arized below
:

• 
S

everal countries m
ay be represented w

ithin the sam
e overall m

odel
• 

E
ach country m

odel m
ay use stochastic scenarios

• 
E

ach country m
odel m

ay use elastic dem
ands

• 
Joint em

ission targets can be specified
• 

E
nergy trading betw

een countries are explicitly represented and endogenously optim
ized, if

the user specifies w
hich fuels are tradable betw

een each pair of  regions
• 

T
he m

odel is supported by a self-contained report w
riter that can handle m

ultiple countries.
T

he report w
riter can optionally export results to M

U
S

S
 as standard tables. T

he report
w

riter produces a com
plete and flexible set of reports and graphs, ready to be included in a

W
ord docum

ent, in an autom
ated fashion.

• 
T

he results of a run m
ay be displayed country-by-country, and also in an aggregated w

ay
for the w

hole set of countries.

T
he m

odel is generated by a F
oxP

ro program
 that takes the M

P
S

 files from
 individual

M
A

R
K

A
L m

odels as input. T
he objective function and joint em

ission constraints are adjusted
autom

atically to represent a single problem
. T

he program
 also adds variables and constraints

for inter-regional energy trade, based on a list of tradable com
m

odities given by the user.

T
his m

odel has been tested on a tw
o-province exam

ple (Q
uébec and O

ntario), reaching about
23,000 row

s and 40,000 colum
ns, using C

P
LE

X
, and w

ithout use of decom
position. A

dding
several m

ore regions and scenarios w
ill require decom

position, w
hich is being w

orked upon at
present. W

e now
 highlight som

e results from
 this case study.

3.4.1 
T

he D
ividends of Inter-P

rovincial C
o-operation

W
h

a
t is th

e
 im

p
a

ct o
f a

 jo
in

t e
m

issio
n

 ta
rg

e
t a

n
d

 e
le

ctricity tra
d

in
g

 o
n

 th
e

 co
st o

f ca
rb

o
n

a
b
a
te

m
e
n
t in

 Q
u
é
b
e
c a

n
d
 O

n
ta

rio
?

T
he m

odel described above w
as used to perform

 four sets of runs, each com
prising 6 runs, i.e.

one free em
ission run, and five w

ith cum
ulative G

H
G

 em
ission reductions of 0%

, 10%
, 20%

,
30%

, and 40%
, respectively, w

ith respect to the 1990 em
ission levels. T

he four sets w
ere: no

co-operation (N
C

), joint em
ission target (JE

), electricity exchanges (E
E

), and joint em
ission

target w
ith electricity exchange (JE

E
E

). T
hese results w

ere used to construct the trade-off
curves 

show
n 

in Figure 
6. 

C
learly, 

there 
is 

a 
significant 

cost 
saving 

w
hen 

electricity
exchanges are allow

ed. H
ow

ever, joint em
ission targets have  only a m

arginal im
pact on the

abatem
ent costs. E

lectricity trading is show
n to result in total discounted savings ranging from

$7 billion in the constant em
ission case to $10 billion in the 40%

 reduction case, w
hereas

under the free carbon scenario, the savings am
ount to only $0.48 billion.

A
 m

ore subtle analysis of em
ission and electricity trading is m

ade possible by exam
ining the

behaviour of electricity exchanges on one hand, and of em
ission trading on the other hand,

across all reduction scenarios. 
F

igure 7 show
s the m

arginal cost of C
O2  abatem

ent (w
hich is

the dual value of the cum
ulative em

ission constraint), under different policy scenarios, and
T

able 5 show
s the em

ission trading that occurs for the tw
o policy scenarios that involve
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em
ission trading, viz. JE

 and JE
E

E
. F

igure 8 show
s the electricity trading that occurs under

the JE
E

E
 scenario and for each reduction target. N

ote from
 

F
igure 7 and T

able 5 that
although there is a significant difference in the m

arginal abatem
ent costs in the tw

o provinces
through the entire range of reductions, equilibrium

 is attained w
ith a relatively sm

all trading of
em

issions, and that the direction of em
ission trading is reversed w

hen electricity exchanges are
allow

ed.

W
e first analyze the JE

E
E

 case, w
here the sale of G

H
G

 perm
its by O

ntario to Q
uébec, as w

ell
as electricity sales peak for the 20%

 target. T
he reason is as follow

s: for m
oderate reductions,

Q
uébec is able to let its consum

ption sector use som
e m

ore natural gas, thus freeing som
e of

its hydroelectricity, w
hich is m

ost useful in O
ntario (w

here the m
ain G

H
G

 free alternative to
Q

uébec’s hydro is nuclear pow
er, an expensive source w

ith long lead tim
e).  T

he penetration
of natural gas in Q

uébec’s residential sector explains the higher G
H

G
 em

issions in the
province and hence the purchasing of perm

its from
 O

ntario. H
ow

ever, w
hen the reduction

target is m
ore stringent (30%

 or 40%
), Q

uébec and O
ntario 
b
o
th

 n
e
e
d
 G

H
G

 fre
e
 e

le
ctricity

,
and it becom

es m
ore advantageous to use that source close to its production site so as to avoid

transm
ission losses and investm

ents in transm
ission lines.

T
able 5  E

m
ission T

rading from
 O

ntario to Q
uébec

S
cenario

40%
 R

ed
30%

 R
ed

20%
 R

ed
10%

 R
ed

C
onst E

m
JE

E
E

32.80
82.95

170.00
121.50

4.05
JE

-68.80
-107.70

-98.30
-138.55

-277.10
C

u
m

u
la

tive
 M

illio
n

 T
o

n
s

In the JE
 case, O

ntario buys em
ission perm

its from
 Q

uébec so that it can shift som
e of the

nuclear pow
er generation to 

gas 
based 

plants. 
Q

uébec 
im

plem
ents 

higher 
reductions 

by
substituting oil w

ith alcohol in the transport sector. T
his explains the negative signs on the

second row
 of Table 5.

3.4.2 
T

he Im
pact O

f C
o-operation O

n T
he N

uclear O
ption

It is therefore clear inter-provincial co-operation, besides reducing the joint cost of m
eeting

reduction targets, has the additional advantage of reducing the need  for additional nuclear
pow

er in O
ntario.  G

iven the currency of the debate on this issue, w
e conducted additional

runs to answ
er the follow

ing question:  
h
o
w

 m
u
ch

 m
o
re

 d
o
e
s it co

st to
 im

p
le

m
e
n
t e

m
issio

n
re

d
u

ctio
n

s w
ith

o
u

t in
ve

stin
g

 in
 n

u
cle

a
r p

o
w

e
r, a

n
d

 w
h

a
t is th

e
 ro

le
 o

f e
le

ctricity tra
d

in
g

 in
su

ch
 a

 sce
n

a
rio

?

T
en m

ore runs w
ere perform

ed, w
hich are plotted in 

F
igure 9. T

hese are the five different
reduction targets w

ith a ‘N
o N

ew
 Investm

ent in N
uclear’ constraint under the N

o C
o-operation

policy (N
o N

uc N
C

); and the sam
e set under Joint E

m
ission and E

lectricity E
xchange policy

(N
o N

uc JE
E

E
). T

he scenarios N
C

 and JE
E

E
 have been included for com

parison.

T
he m

ain observation is that a nuclear freeze under N
C

 policy m
ore than doubles the cost of

m
eeting the 40%

 reduction target (a $170 billion increase over N
C

, in net discounted cost
term

s). W
hereas, under JE

E
E

, the freeze costs just about $20 billion m
ore. E

ven for the m
ore

m
oderate reduction targets, the advantage of co-operation is very large, as show

n by the
distance betw

een the N
o N

uc N
C

 and the N
o N

uc JE
E

E
 curves in 

F
igure 9. T

his is a m
ajor
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finding, as it provides an attractive alternative to nuclear in the event of the adoption of a GHG
emission target.

4. Conclusion
In this research, we have attempted to give an updated description of advanced bottom-up
modelling in the energy-environmental sector, with emphasis on greenhouse gas abatement.
Besides many technical and implementation improvements, three main new features were
discussed, which give significant new capabilities to this class of models. The endogenization
of demands allows these model  to compute partial equilibria on energy markets, and brings
them closer to General Equilibrium approaches, while retaining the technological detail which
is the hallmark of process models, and which makes the latter more relevant for detailed policy
analysis. The correct treatment of uncertainties is an extremely welcome feature, especially
when modelling major climatic constraints that may affect the long run in a dramatic way.
Finally, the composition of several bottom-up models helps in regional analyses that address
co-operation issues and the sharing of burdens.

Each of these new features has been illustrated by results taken from large scale Extended
MARKAL models of Ontario and Québec, so as to demonstrate the beneficial effects of the
new features on the quality of analyses. We have focused our analyses on the insights gained,
rather than on specific quantitative conclusions on the particular examples treated. It is
noteworthy that Extended MARKAL incorporate all these features in a single shell that is very
user friendly and flexible. In the future, the applicability of this class of models will be
enhanced by the ever increasing power of personal computers which allow model size to
increase significantly. In addition, research on robust decomposition algorithms is expected to
result in the more routine use of this technique when model size makes its handling impossible
by direct optimization methods.

As they are, advanced bottom-up models have partly closed the gap between bottom-up and
top-down approaches. Equipped with stochastic programming and multi-region capability,
these are powerful tools for operational planning in the energy sector, especially in the context
of GHG abatement. A very promising avenue of research lies in exploring the role of multiple
bottom-up models in the integrated assessment of global issues as the Climate Change. A
forum such as the ETSAP (Energy Technology Systems Analysis Project) has already
contributed joint analyses of multi-country responses to abatement targets (Kram, 1992), and
is in the process of implementing a new study among its members. If successful, such an
approach would represent a very useful complement to global top-down models, which are
excellent for gaining insight on the main global phenomena, but not to provide a convincing
case to local and national policy makers. We see such a research path as a potentially major
contribution to the analysis of the Climate Change issue over the next several years.
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Appendix I:  Elastic MARKAL Formulation

The regular MARKAL model can be written as the following LP:

Minimize cX (1)

subject to

CAP t DM t

i I t T

k i i
k

:

( ) ( )

,.., ; ,..,

, =

∀ = =

∑
1 1

(2)

BX b≤ (3)

where, X is the vector of all MARKAL variables. (1) represents the total
discounted system cost, (2) is the set of demand constraints, and (3) all
other MARKAL constraints. There is one demand constraint for each demand
category in each time period.

Now we define a demand curve for each demand category, assumed to be
constant elasticity relationship given by (4)

DM p K pi i i i
ei( ) ( )= × (4)

where, DMi is the i th  demand, pi is its price, taken to be the marginal cost

of satisfying the i th  demand constraint, and ei is the own price elasticity
of that demand. Note that the period index, t, has been omitted (only for

clarity) in equations 4 and 5. The constant Ki can be obtained if one point
(p i

0, DM i
0) is known on the demand curve. Thus, we can rewrite equation 4 as

follows:

p DM p
DM

DMi i i
i

i

ei

( ) = ×






0

0

1

     (5)

Invoking the Equivalence Theorem (See Figure 1), the original LP can be
written as:

Maximize p t
q

DM t
dq cXi

ia

DM t

ti

ei
i

0
0

1

( )
( )

( )

×






 −∫∑∑

subject to

CAP t DM t

i I t T

k i i
k

:

( ) ( )

,.., ; ,..,

, − =

∀ = =

∑ 0

1 1

(6)

BX b≤ (7)

where, (6) expresses the net social surplus, and (7) is simply (2)
rewritten to highlight that DM is now a vector of variables rather than
fixed demands.
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Appendix II:  Stochastic Programming (Minimum Expected Value Formulation)

The formulation described here is based on Dantzig (1955) and Wets (1989).
The notation has been devised to closely represent the problem context.

A general multi-period multi-stage stochastic program is given in (1) to
(3).

Minimize

Z = C(t,s)X(t,s)p(t,s)
t T s S(t)∈ ∈
∑ ∑

(1)

Subject to:

A t s X t s b t s( , ) ( , ) ( , )≥
∀ ∈ ∀ ∈t T s S t, ( )  (2)

D s X t s e s( ) ( , ) ( )≥
∀ ∈s S T( ) (3)

where,

t = time period
T = set of time periods
s = scenario index
S(t) = set of scenario indices for time period t

For Figure 1, S(1) = 1;  S(2) = 1;  S(3) = 1;  S(4) = 1,2;
S(5) = 1,2,3,4;  S(6) = 1,2,3,4; S(7) = 1,2,3,4;  S(8) =
1,2,3,4;  S(9) = 1,2,3,4;

X(t,s)= the (row) vector of decision variables in period t, under
scenario s

C(t,s)= cost (row) vector
p(t,s)= event probabilities
A(t,s)= the coefficient matrix (single period constraints) in time

period t, under scenario s
b(t,s)= right hand side (column) vector (single period constraints) in

time period t, under scenario s
D(s)  = the coefficient matrix (multi-period constraints) under scenario

s
e(s)  = right hand side (column) vector (multi-period constraints) under

scenario
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Appendix III:  Stochastic Programming (MINIMAX Regret Formulation)

Consider a flexible strategy x, which comprises a set of decisions x1 till
the uncertainty is resolved, and a set x2

i   thereafter.  The second set of
decisions will depend upon the scenario that realizes.  The strategy x is
to be chosen such that the maximum regret is minimized .

The cost of the strategy under scenario  s i  is given by:

c x c xi
1 1 2 2+

A strategy x is feasible when it satisfies the constraints imposed by the
RES, the emission caps, and non-negativity:

Bx d

Ax e i

x

i

=

≤ ∀
≥ 0

Let mi  represent the cost of a perfect foresight strategy, i.e. the minimum
possible cost, under a scenario s i .  Then, the regret under scenario s i  can
be written as:

 R x s c x c x mi i i( , ) = + −1 1 2 2

The complete Minimax problem is to minimize over x, the maximum of R(x,s i ).
This can be defined as:

{ }Min Max c x c x m

st

Bx d

Ax e i

x

x i

i i

i

1 1 2 2

0

+ −





=

≤ ∀
≥

Finally, linearizing the objective function:

[ ]Min

st

c x c x m i

Bx d

Ax e i

x

x

i i

i

θ

θ ≥ + − ∀
=

≤ ∀
≥

1 1 2 2

0
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